The model can be used to guide clinical experiments and to explore possible medical treatments that 8 accelerate the bone fracture healing process either by surgical interventions or drug administrations. 
Model Formulation

141
The process of bone fracture healing is modeled with a mass-action system of nonlinear ordinary 
Equation (1) describes the rate of change with respect to time of the debris density, which decreases proportionally to M 1 and M 2 . The engulfing rate R D is modeled by a Hill Type II function to represent the saturation of the phagocyte rate of macrophages [38, 40] :
Equation (2) describes the rate of change with respect to time of the undifferentiated macrophages density. It increases because of migration and decreases by differentiating into M 1 and M 2 or by a constant emigration rate. It is assumed that M 0 migrate to the injury site proportionally to D up to a maximal constant rate, k max , [26, 31] :
where M = M 0 + M 1 + M 2 . The differentiation rates of M 0 into M 1 and M 2 are stimulated by the cytokines accordingly to a Hill Type II equations, respectively [32] :
Equation (3) describes the rate of change with respect to time of M 1 , which increases when M 0 activate to M 1 and M 2 shift phenotype; and decreases by emigration and when M 1 shift phenotype. Similarly, Equation (4) describes the rate of change with respect to time of M 2 . Equations (5) and (6) describes the rate of change with respect to time of c 1 and c 2 . Here, k 0 , k 1 , k 2 , and k 3 are the constant rates of the cytokine productions and d c 1 and d c 2 are the cytokine constant decay rates. The inhibitory effects of the anti-inflammatory cytokines are modeled by the following functions [32] :
Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 November 2018 doi:10.20944/preprints201811.0376.v1 Equation (7) describes the rate of change with respect to time of C m , which increases by cellular division up to a constant-maximal carrying capacity, K lm , and decreases by differentiation. The total MSCs proliferation rate is modeled by [28] :
where in the absent of inflammation, c 1 = 0, MSCs proliferate at a constant rate k pm . However, when there is inflammation, c 1 > 0, the proliferation rate of MSCs increases or decreases according to the concentration of c 1 , i.e., high concentration levels of c 1 inhibit C m proliferation while low concentration levels of c 1 accelerate C m proliferation. The differentiation rate of C m is inhibited by c 1 , which is modeled by the following function:
Equation (8) 
Equations (9) and (10) 
Analysis of the Model
148
The analysis of Model (1)-(10) is done by finding the equilibria and their corresponding stability
149
properties. An equilibrium is a state of the system where the variables do not change over time [41] .
150
Once the equilibria are identified, it is important to determine the behavior of the model near equilibria
151
by analyzing their local stability properties. An equilibrium is locally stable if the system moves 152 toward it when it is near the equilibrium, otherwise it is unstable [41] . Therefore, the equilibria provide 153 the possible outcomes of the bone fracture healing process and their corresponding stability properties 154 define the conditions under which a particular healing result occurs.
155
System (1)-(10) has the following three biologically meaningful equilibria of the vector form
The existence conditions for the three equilibria are summarized
160
in Table 1 and their stability conditions are summarized in Table 2 and proved in Appendix A.
161
The existence conditions listed in Table 1 arise from the fact that all biologically meaningful 162 variables are nonnegative. Therefore, the existence condition for E 0 requires the steady state tissue 163 densities to be either zero or any positive number. For E 1 , the existence condition arises from the 164 requirement that the steady state density of C b must be greater than zero, which implies that the 165 proliferation rate of osteoblasts must be greater than their differentiation rate, i.e., k pb > d b .
166
Similarly for E 2 , the existence condition arises from the requirement that the steady state density 167 for C m must be greater than zero, which implies that the proliferation rate of MSCs must be greater 168 than their differentiation rate, i.e., k pm > d m . 
Equilibrium Points Existence Conditions Meaning
The stability conditions of each biologically feasible equilibrium are listed in Table 2 Table 2 . Stability conditions for the equilibrium points.
Equilibrium Points Stability Conditions Stability
E 0 k pm ≤ d m , k pb ≤ d b E 0 belongs to an attracting local set E 0 , E 1 k pm ≤ d m , k pb > d b E 0 unstable; E 1 locally stable E 0 , E 2 k pm > d m , k pb ≤ d b E 0 unstable; E 2 locally stable E 0 , E 1 , E 2 k pm > d m , k pb > d b E 0 and E 1 unstable; E 2 locally stable
Numerical Results
186
The proposed new model (1)- (10) is used to investigate the evolution of a broken bone under 187 normal and pathological conditions during the first 21 days after trauma. Table 3 (Table   209 3), with k e 1 = 11, k e 2 = 48, k 2 = 3.72 × 10 −6 , and k 3 = 8 × 10 −6 . show that the cartilage is eventually degraded by the osteoclasts and the bone achieves its maximum 236 density of 1 ng/mL. Therefore, E 1 exhibits the temporal progression of a successful bone fracture Figure 5 shows the qualitative evolution for the MSCs, osteoblasts, cartilage, and bone densities 239 for E 0 (solid lines) and E 2 (dotted lines). Since the temporal evolution of macrophages, debris, and 240 cytokines densities in E 0 and E 2 are similar to those for E 1 showed in Figure 3 , then they are omitted 241 here. It can be observed in Figure 5 that the two cellular densities in E 0 , MSCs and osteoblasts, decay 242 to zero over the time, with the osteoclasts failing to degrade the cartilage; which results in nonunion.
243
Mathematically, this case occurs when osteoblasts proliferate at a rate lower than their differentiation 244 rate, i.e., k pb < d b . In practice, this scenario is commonly observed in advanced-age patients whose even though the bone has achieved its maximum density of 1 ng/mL. Therefore, in this case, migration of osteoclasts must be enhanced through surgical interventions in order to achieve a successful bone 
Evolution of the healing process for different types of fractures
252
In this section, the model is used to monitor the evolution of a successful repair (Table 3) production of the cartilage is observed around 10 days followed by a significant degradation, while 261 the bone tissue production occurs after the first week. For a severe fracture, Figure 6 shows that there 262 is a delay in the two tissues production compared with those given by moderate fractures, with the 263 peak of the cartilage and bone productions observed at around day 16. Bone (g/mL) 0 ng/mL 10 ng/mL 100 ng/mL Figure 11 . Tissues evolution in an advanced age fracture under different initial anti-inflammatory cytokines concentrations. 
329
The mathematical analysis revealed that there are three feasible fracture healing outcomes. Two healing, where the osteoblasts and osteoclasts are constantly producing and removing the woven bone.
334
The stability conditions of each outcome can be used to biologically explain why the fracture healing 335 fails as well as to design therapeutic interventions to stimulate or accelerate the healing process. First, let us examine the case when k pm < d m and k pm < d b . The Jacobian matrix J(E 0 ) is given by the following lower triangular block matrix
where 
378
Equations (9) and (10) case, by considering the second order approximations of the right hand sides of Equations (7) and (8),
383
instead of just the first order approximations, and using similar arguments as above, proves that the 384 set B is a local attractor set of A. 
387
Proof of Theorem A2. The Jacobian matrix corresponding to the point E 1 is given by the following lower triangular block matrix
where J 2 (E 1 ) has the same expression as J 1 (E 0 ) defined in Theorem A1 and 
